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Section 1

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Given the statement: X° =16=> X =+4
Which of the following statements is its contrapositive?

A x=H4=x=16
B. X zl6=>x=14
C. xzH=x %16
D

X#+4 << X2 £16

2 What is the size of the angle between the vectors 3i +6j—2k and 2i -2 j+k, correct to the nearest
minute?
A, 67°36°
B 79°1°
C.  100°59
D 112°24°
3 The displacement x of a particle in metres after t seconds is given by X =2+ 4sin’t .

How far will the particle travel in the first 27 seconds?

A. 16m
B &m
C. 4m
D. 2m



4 On the Argand diagram given, the points P1, P2, Ps, ..., P12 are evenly spaced around the circle of
radius 3. Which of the following points represent the complex numbers such that z* = —27i ?

A. P4, Ps, P12
B. P, Ps,Po
C. Ps3, P73, Pn
D. P2, Pe, Pio
5 Consider the Argand Diagram shown below.

Which of the following inequalities would define the shaded area?

RY/4

A, z—-1<2and OSarg(Z—l)S 4

B. z—1 <2 and 0£arg(z+1)£3f
RY/4

C. z-i>2and0<arg(z-1)< A

D. z+i<2and 0Sarg(z+1)£3ﬂ



2

Given the statement: “Vne Z, n=4m + 3 = n can be written as a sum of two square integers’

Which of the following statements is its negation?

VYneZ,n # 4m+ 3 and n can be written as a sum of two square integers
dneZ,n=4m+ 3 and n cannot be written as a sum of two square integers

VneZ,n=4m+ 3 and n cannot be written as a sum of two square integers

oS 0w »

dneZ,n # 4m+ 3 and n can be written as a sum of two square integers

T

6
Evaluatej sec’> Xtan X dX.
0

A 8 3-1
3
B. 8 3
27

C. 8 3-9
27

D. 8 3-3
27

Which of the following represents the vector projection of OA onto OB given A(3,—2, 4) and
B(1, 1,-1)?

-
A. 1
__1_
-
B. -1
— 1 -
3 3]
)
C
— 4 -
3 3]
D. 2
29
__4_




Which expression is equal to '[

A . _l(x+2j
. Sin T +C

; dx ?
NI2—4x—Xx?

m

A particle of mass m is moving in a straight line under the action of an applied force F =—

(4+6X).

>

What is the equation for its velocity at any position if the particle starts from rest at x = 1?

A. v:il\/8x2—6x—2
X
B. v=i£\/4x2—3x—1

X

C. V:_—?—2+16
X* X

D. v= /_—?—2
X X



Section I1

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a separate Writing Booklet

(a) If z=2+iy2, express each of the following in modulus—argument form:

o 2 2

i) L 1
Z

(b)  Show that I secX dx =log,

tan(1+£j+C. 4
2 4

(c) Verify that z=-1+i+/3 is a root of the equation z* — 422 — 16z — 16 = 0 and hence find the other 4

roots.
(d) (1) Prove that a particle moving according to the equation |V| =\-9%> +12%+32 is 2
undergoing simple harmonic motion.
(11) State the period of motion. 1
(ii1))  Find the range of the motion. 1



Question 12 (15 marks) Use a separate Writing Booklet

(a) Let Dbe the line in the complex plane that passes through the origin and makes an angle «

with the positive real axis, where 0 <« < 5

»P

The point P represents the complex number z,, where 0 <arg(z, ) <. The point P is reflected

in the line  to produce the point Q, which represents the complex number z,. Hence, z, = z, .
(i)  Explain why arg(z,)+arg(z,)=2a.

(i)  Deduce that 2,2, = 7, * (cos2a +isin 2a).

(i) Let a= Z and let R be the point that represents the complex number z,z, .

Describe the locus of R as z, varies.

41n X
(b) Evaluate Ie 2 dx

(c) (1) Suppose that a, b, ¢ are real numbers.

Prove that a* +b* +c* >a’h’ +a’c’> +b’c’.
(ii))  Show that a’b” +a’c* +b’c’ > a’bc+b*ac+c’ab.

(iii)  Deduce that if a+b+c=d, then a*+b*+c*>abcd .

6 -2
(d)  Find the possible values of y if the angle between p=|-2| and q=|—-4|is cos ' 241
3 U



Question 13 (15 marks) Use a separate Writing Booklet

(a) Use De Moivre’s theorem to prove that

cos40 =8cos* O —8cos> O +1

12 1 X—A

(b) (1) If = - , find the value of A.
X3+8 X+2 x2_2x+4
(1))  Hence show that j 12 dx=1n X+2 + 3tan ' * -1 +C.
x> +8 X2 —2x+4 3
1 2 1 —4
(c) Show that the lines r,=| 0 |[+A4|—-1|and r,=|1|+A4,| 3 | are skew.
-1 1 0 -3

(d) Find the point(s) of intersection of the line with parametric equation
r=i+3j—ak+A(i+2j+2k)
and the sphere with Cartesian equation

(x=1)"+(y-3)* +(z+4) =81.

(e) Find the two square roots of 21—20i .



Question 14 (15 marks) Use a separate Writing Booklet

(2)

(b)

(©)

Two masses, 2m kg and 3m kg, are connected by a light inextensible string passing over a
frictionless pulley as shown.

Initially, the two masses are at rest. After the lighter mass has travelled X metres in an upwards

direction, it is travelling at vm s™!.

20X
Prove that v = 2 :
A particle is moving in a straight line according to the equation
X=6c0s2t+8sin2t+5

where X 1s the displacement in metres and t is the time in seconds.

(1) Prove that the particle is moving in simple harmonic motion by showing that x satisfies
an equation of the form x = —n? (X - C) .

(1)  When is the displacement of the particle zero for the first time?

A perfect number is a positive integer that is equal to the sum of its positive factors, excluding
the number itself. Examples of perfect numbers are 6, 28 and 496.

A conjecture (an opinion or conclusion formed on the basis of incomplete information) has been
proposed that if p is a perfect number then any multiple of p is also a perfect number.

(1) Use a counterexample to disprove this conjecture.

(1))  Prove that if p is a perfect number then no multiple of p is a perfect number.

Question 14 continues on page 10
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(d) Use the principle of mathematical induction to prove that

sin0+sin30+sin50+...+sin(2n—1)9=1_C(?—S2m9
2sin6

forall ne Z*.

-10 -



Question 15 (15 marks) Use a separate Writing Booklet

(2)

The Tech Club in Penrith Selective High School is testing a new hybrid drone built from scratch
in Room T.1.1. The drone travels in a straight line and is controlled by Anthony, using a remote
ground control system.

The drone’s position at any given time is expressed using coordinates (X, Y, Z) in kilometres,
where X and Yy are the drone’s displacement east and north of the hockey field, respectively, and
Z is the height of the drone above the ground.

—-80
The drone’s velocity is given by the vector | —240 | km h™!. Ignore air resistance.

-15
At 10:00 a.m. Anthony detects the drone at a position 32 km east and 96 km north of the hockey
field, and at a height of 8 km.

Let t be the length of time, in hours from 10:00 a.m.

(1) Write down a vector equation for the drone’s displacement, r, in terms of t.

(i1))  Given that the drone continues to fly at the same velocity, when will it will pass
directly over the hockey field and what is its height at that time?

(i11)  The drone continues to fly at the same velocity and descends to a height of 5 km.
At what time does this happen?

(iv)  Calculate the direct distance, correct to one decimal place, of the drone from the
hockey field at this point upon descending to a height of 5 km.

(v) After descending to a height of 5 km, the drone continues to fly on the same bearing
but adjusts the angle of descent so that it will land at the point Q(0, 0, 0).

The drone’s velocity, after the adjustment of the angle of descent, is given by the vector
-80
—240 | km h™!. Solve for q.

q

Question 15 continues on page 12

-11 -



Question 15 (continued)

(b) Let z = eia )

(i)  Show that z" —Zin =2isin(nd).

1Y 1 1 1
(i1) Showthat(z——] :(ZS—TJ—5(23——3J+10(2——)
YA Z z YA

(iii)  Hence find '[ sin” 0 d6.

End of Question 15

-12 -



Question 16 (15 marks) Use a separate Writing Booklet

(a) It is given that the cubic equation X’ +bx>+cx+d =0 has a purely imaginary root. If the
coefficients are all real numbers, show that d =bc and ¢>0.

(b) A particle moves with acceleration function X = 3x2. Initially x=1 and v=— 2.
(1) Show that v2 =2x>.
(i)  Explain why the velocity can never be positive.

(iii)  Find the displacement-time function, and briefly describe the motion.

(c) (1) Prove that X(l— X)n_lz(l— X)n_l—(l— X)n

(i) Let In=j;(l— X)ndx,wheren=1,2,3,...

n
show that |, = I
n+2

(iii))  Hence evaluate | 2002 -

End of paper

-13-
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Question ||

(@ If:z= 2 +iV2, express each of the following in modulus—-argument form:

i O =z

a) 2=2+iz

=l ([é_,p L\E_\
2( 1, L\: 20510
e ) 4
1) 2°= 1605@_’ Common evvor :
¢ ~vefevence angle
= 3cisor - 32ci 3w S/ Students 1055 1 mark.
4 4
1 - | - 15 ,']_T\ /
g/

2 2cis™ 2
pah

+C. 3

(b)  Show that J‘sec x dx =log,

X 7
tan| =+ =
3%

b) Sscuw(x: jsgn (ec { + tanr) dX

(seCx+ fanx)

= Secxtan + cprx 4ince d rgzup‘mm
SeC + fanx

j (tanx)= sec*n

"

04 | Sec X + fanx [t ¢ //

Bueshion Wds  poorly done.




LHG = In [Secw + tanx | ¢
= ln| L 4+ 3ink|+¢

|
(050 o5y !

let t= tan L

5 = 2t (0yx= =2
(4t [+
= ly\l [ 435K [4;(, /
ROTE /
= In| 1+ &e L v
|-+
= |n (1+¢)* | 4+ ¢C
e |
= In | () Jec
(1-t)(1+t)
= |n (+t) | 4¢ i/
(- | /
= [n +an"/«++’raw(2) +C LI fﬁ”ﬂ-/
| - tan(*%)( tan%) ¢
= [n ( ’mr(_hl)[ﬂ St of angles.
L

1+ 12 2dt dt
I secxdx = 1 '2X1+12 =2 1 12
_t —_ s 5
- Provided solutions

1+t

¢

I 1
— = || — +— |dr=1
J.(l+t+1—t) ihs

1-t

X
1+ tan—

2 +C
x
1-tan—
2

- - log,

V4 X
tan—+ tan—
4

+C

=log,

T X
- — = 1-tan—tan—
4 2

= X 7z
=log, |tan| —+— ||+ C
Be (2 4)




() Verify that z=-1+i/3 is a root of the equation z* — 4z — 16z — 16 = 0 and hence find the other 4

T00ts.

CC) 2= -1+l = 2d5ar sub into 29— Yi-lbe-[h =0
3

(icis%f_\j)‘*_ 4(20‘9 Zs_ﬂ')a- fb(zas 23_{_[) ~lp =0

4 2 . - - \
A (,(56_'rf - 4(Fcio z%r)- 32052_;1 ~lb =0 mﬂ;l)gvx (o
| 4
fbccﬁﬁ_ ~ fbcls 4Tr B VXA Zﬂ’ ~-lb =0 pvd (QNM /
(ool O

Ib(lﬂﬁ) lh(' d—s\ %z_i;d's)-lb:o
2. 2

~4 +3G0+8 +3BL41b- b3 -1 =0 o
0 = @)
L t=-1+il3 15 a reot of Tl given equation.
/
o= -l - LJ% 15 a(go a_root. \,/
(RH+3) (r+1-i3) = 2%+ 2- xBerel- W34 2ilB+il3¢3
= 2403 4 4
2 - )2-¢
%zd%ﬂf r%“ t 02%- 42—l -lb GRerrate  mefhod:
(2t 222+ 42 Gum o
0 -22%-%2t-lb2 foolg
T (2287 - 4> -§7) produt of
0 -4z*-%2-1b Voo,
- (42 -§z =)

o 0 O

pl-le-4. 2= 2t{w0 - 1+ (5 //
2

olov ooty 2=-1-ilz, 125




@

Prove that a particle moving according to the equation [v] = v-9x% +12x+32 is 2

undergoing simple harmonic motion.

) s
IVI={-9xt+12x ¢ % alkernate
v2= nt (at- Kl)
Ltz -9 xt+ b +lb /
2 2 4
o= d [~1x% bx+b)
a2 /
= ~qQu4b 4
=-1(x-2 (in e form - n*(x-c)
3
(1)  State the period of motion. 1
W pt=q
n=3 /
Peviod = 211
3
(iii)  Find the range of the motion. 7 / k
i) Lyr= -4+ bx+(b
= 4 MV\(}}(_’. i 2
V= -qn%+ Rr+32
2uwls away foln
= q('%l’flang.) fwe cenfrc of motion.
7 19
= (1(-){1+4')(—_‘£+.52+H_) (5_ an 4 -—>
3 2 9 19 3 3
= 9 (—(x-_z_)z +4)
3 (avtre of wofion: 2 £
= (4 (3)°) :
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(i)  Show that a’b* +a’c> +b°c® > a’bc+ b’ac+c’ab. 2
Solution

(ili) Using the result in (i) again, then .

1:2 2.2 2 2 2
ab’ +a‘c a(b“+c‘)
= >a*bta*c? =a’be

2 2
2.2 F . O 2
8 ;ba =b(c.'2-ra )zm:blca Y {
cta® + c'b’ c’(a2+b2) g o .
5 = 5 2c'a'c’h =c'ab T ‘fé"‘) olea) nelr
By addition, , =
az(b2 -I—cz)-i- bz(c:1 -i-az)-i» cz(az-kbj) koo webes

2 shart fow-

> a’be + bica+ clab
s Z(szz + b + czaz)
1.8,

- > atbc+bica+clab.
La

q ] 2 "
ie.a’b? + b3t +cta’ 2 atbe + bica+clab .

(iii)  Deduce thatif a+b+c=d, then a'+b*+c* = abcd . 1

Solution
(iv) TFrom (ii), (iii)
a' +b' +ct 2 a'h? +be? +c'a® and
@bt + bt +cla’ 2 atbe + biea +ctab e
Thusa® +b* +¢* = a’be + b*ca + c*ab — well e
= abc (a + b + ¢), factorising
=abed, sinceat+b+c=d

a' v+ b +¢'> abed.

6 -2
; o 4
(d)  Find the possible values of 4 if the angle between p=|-2 | and ¢ =| -4 | is cos EZ_I' 3
3 u

Solution4an@ — Op\tj Q &LO Could  Shang Ut

_”_LEE‘; ]“3 not Q. vodies GnSLsen

-1l -
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&M(’.ffﬂOM 4

(@  Use de Moivre’s theorem to prove that

cos40=8cos* —-8cos? O +1

a) Binomial expansio

(cosh #is1nb) "= (05" + 4ico6¥65ind - bcofBsin'G - dicosbsin®® + in*0 \/

de Moivie's Theorewm
(059 + o) 4 = (0540 + (8in4H

7

Eq',ua’r( (gl Com ponem?g

(0549 = (05%0 - (o550 + 504D 2 /
050 - b 056 ([-(05'6) + (I-105'6)

h o

054 - b5 + bB'e + (1 - 20086 + (065“B) /
%05*0 — 56 *|

i)

12 1 x—A
G If = - , find the value of 4.
®) ® S48 x+2 xr_2x+4

auh X=0
P 0-A
O+§ 0+ -0+
2 _ | . A
§ 1 3 v

—




rEF Y PO
) - ] Bt LU v
— (i)  Hence show that J’x3+8dx_lnm1- 3tan f+c
ﬁ) Frow pa/k'g
5 P S( . )aht
Xieg )Hz MZ 1N +¢
= g dx - S__Ai_ dx
a2 G} C8
= !V\(W—l) - ( y-1 M. 3 dx \//

nZ-204\ )nz—znw
n(+2) - 1 _zu_d;uj 2 dx

]

XP-2K+Y n-anry
= (k) - L Lopt4) 4 S 3 dx
(x+2) L ln (4 ) vl
= lnfy+2) - !n(x‘—zxw)yl + | 5 dx
) (x—|)2+3
= e = n((0-244) 43
(LL(D -
= nfnee \ + 3 ' x-1) 4c /
\ (-2t / '3/

- No mavk.Lfoxjmdﬁnumgmg ,IOGW!Jr 0

"~ Studenls ghuggled fo break —Jx—ﬁi inko ~g -1 f S 3
K-2x4Y4

I{ ﬂnru coudn't do 1g, i1 wag harder fo
5010 The hoxt A0 mavls.




o [1} r} 1 -4
(0 Showthatthelines 7, =| 0 [+4|-1|and r,=| 1 |+4,| 3 | are skew. 3
-1 1 0 -3
C) bll = /ub;
/2 /-4 not multiples of each ofbor
t)=m[3 ] - opot parallel.
\ 1/ \-3/ ' Vi
| 427, = [-U4r, — 2}, =-4p, (1)
- A, = 14'32\;_ — A= -|- 32, (2)
4n 2932, = A= | -3p,  (3)
[Nok with 1 and 2
S 2 nto |
2(-1 '37‘7,)‘-'—‘ = 4P
-2- A, = - 4P,
=2 = QM
Pyz -~
Sub A, = - b 2
Nz = ~3(-)
!
/
suh A, =2, A == a3 (check) {//
2= |- 3(-)
254

. fhe [ines 4o aot intevgect.

b

2\/-4\ = -§ 4+ (-5)+(-3=-u

/

‘H%) £ 0

not  pevpendiular
e 4

/\-3/

(e lines must be  skow.




(d)

Find the point(s) of intersection of the line with parametric equation 3
g=i+3l—4l;+ﬂ(§+2[+2lg)

and the sphere with Cartesian equation
(x-1)7 +(y-3) +(z+4)* =81

)

{ = (+ 5)-4k " (:[i.i-lj-flk)
= ([+)i+ (342t)) + (-4 +28) k

K= [+ bl
4= 342 Vi
z2=-U+2t

5ub 1Mo gphere eay,uaHOV\-

(14£)-1)F + (342£-3)" # (-4+26-4)" = §]
I

£r ot (200"t (24 =8
I = 3l
=9  /
t -t3 /
= [+3 = ¢ , k=l-3=-2
U= 346 = 9 , yz2-b=-3
J d J
- 2=-4tb= 2, g=-%6= (0 /
) (4,9,1)  and  (-2,-2,-10) are points ot lersection.

(©

Find the two square roots of 21-20i .

e) et 2U-10v= (athi)*
W‘-‘— 20bi - b b®
A -+ 2ahh
Eq/ua{'e rea  and imagmarg

a0 0 = (1-4)(b*+25)
Lah = -0  (2) Lobtoy o hr=-as
From (2) a= 19, sub inh(|) =43
b wWhen b=2, 4=-5 when b=-2
10N [yt =2 So-b42L and  6-2u awg

(’,_

b

2

00 _ bl: 21

)

100 - b*= 2t
0 = p¥+2pt100

Square roots of  2(-20t

a<5

/
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(©) A perfect number is a positive integer that is equal to the sum of its positive factors, excluding
the number itself. Examples of perfect numbers are 6, 28 and 496.

A conjecture (an opinion or conclusion formed on the basis of incomplete information) has been
proposed that if p is a perfect number then any multiple of p is also a perfect number.

(1) Use a counterexample to disprove this conjecture. 1
Solution
6 is a perfect number and 12 is a multiple of 6. ~ el clens J
Factors of 12 are {1, 2, 3,4, 6, 12}. B /’!: S all s-yl—ua[b,J—a
1+2+3+4+6=16>12 could show Cur %MPLL
This counterexample disproves the conjecture Cs CL&,?)?OV"- A b
since we have a multiple of a perfect number S )
% - 12
that isn’t a perfect number. CWJ EL
(ii)  Prove that if p is a perfect number then no multiple of p is a perfect number. 2
Solution

p is a perfect number, Let the n factors of p (excluding p)
in ascending order be {fi, 5, f5, o, frn}- Note that f; = 1
since it 1s a factor of all positive integers.

Let k be an integer such that k = 2. Assume that kp is

a perfect number, thus
kp=k(fi+fi+fo++fy) 15 )
1 P 3 n _ S\.uM = ]_.

=kfy+kfy +kfs+ o+ Rfy b, L
‘ O
Note that ke f; > 1 but 1 is a factor of kp so 1 must k‘“o“o bsdein =

be included into the sum, thus by i ds . L&

1+kfi+kfs +kfs++kfy, > kp then i)y

=
This contradicts our assumption, therefore kp 1s P ‘ eL,EJA-t-z

not perfect.

Question 14 continues on page 10

"
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Ank be o
k ke 2
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Quogtion 15 S .

~ (a)  The Tech Club in Penrith Selective High School is testing a new hybrid drone built from scratch B
~in Room T.1.1. The drone travels in a straight line and is controlled by Anthony, using a remote
. ground control system. R

The drone’s position at any given time is expressed using coordinates (x, y, z) in kilometres,
—— where x and y are the drone’s displacement east and north of the hockey field, respectively, and —
z 1s the height of the drone above the ground.

-80
The drone’s velocity is given by the vector | —240 | km h'. Ignore air resistance.
-15

At 10:00 a.m. Anthony detects the drone at a position 32 km east and 96 km north of the hockey
field, and at a height of 8 km.

Let ¢ be the length of time, in hours from 10:00 a.m.

(1) Write down a vector equation for the drone’s displacement, r, in terms of 7. 1
Y= [3 -0
T+ g [ -av0 //mwk
3 -5 .
~ (1)  Guven that the drone continues to fly at the same velocity, when will it will pass Zg )7,L
- directly over the hockey field and what 1s its height at that time?

From pavk (i) SOt and Y=o when t=0.4 i
Q&L:ﬁgti = Sl QL , B b _— \/ .
y=do2906  —@ | (owerting hows o pinutes,
a=f-15c  —() e fet

t= 0.4 hours

To be over Tl lnookq field = 0.4 xb0

X gwnd y equal (. = Rt mips
ah =0 o @O | 0w+ 24wmipg = (0:2¢am,

[}z 32=%0%
Sk= 0y Sup t=0.4 ke 3) fov reigint.
sub =04 b (3) T 170 X)) Ry S

Y= 4b= 260(0-¢) S Jkew /

= O




(i)  The drone contines to fly at the same velocity and descends to a height of 5 km.
At what time does this happen?

qub  2=5 (Mgh]')

h= g~ I5¢

b= 3

€= 02 houp l//

[nto  wiputes

t= 0.2(60)

= 12ming

o T dvove has g height of Bk ot 10 Ram.

~ (iv)  Calculate the direct distance, correct to one decimal place, of the drone from the
hockey field at this point upon descending to a height of 5 km.

Sup €=02 nb L part ().

(= /32\ ¢+ ga/-%0
(96| [0
\ ¢/ \-15
= /b /

[ 48 /

Vg / v/

Magmi’rude of a vector formula

lrl= { lo* +ug* ¢ 52

= 60.9km ( ldp).




(v)  After descending to a height of 5 km, the drone continues to fly on the same bearing
T but adjusts the angle of descent so that it will land at the point (0, 0, 0).

The drone’s velocity, after the adjustment of the angle of descent, is given by the vector
-80
—240 | km h™. Solve for g.

q

(Dia‘gmw\ :

\

Blw \ /
Skt >

[ 2kem

[Oam 0-2hv 0:(2am 0. 2hy 10: ¢

0-4hr

§,= - height o desend

time to land
= = G
01
= -2
Pact a)
Edsy guestion, many studentt scored well in
e qitedtion.

(ommon mistake logying fime in hours when

fa Guegtion asked lo convt it inko a feal time eq. 10:2Yem.

V) Oy a oo shidents dvew a diagrom b help with
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Question 1 b)

_ et z= e .

(i)  Show that 2" —in =2isin(n6). 1

[ — z —

2" o M | (py e Moivre's florem)
%V\ eiﬂe J

e MQ 2-—

]

= (05(nD) + Lin (ng) - /{oe( né) + win(-nt))

= (0h() + LGN(B) ~ (06(MD) « Sinng) (Since 5 evtn,sin odd)

= 2ign(me)
V4

| 1y 1 1 1
~ (i)  Show that (z——] =(z5 ——5)—5(2 ——3)+10(z——). 1
z z z V4

«/ (2) ls)l%/
= 2°_63%+ (03 - lofL) . 6/1 )\ I
tz) () 35 ,
= /29~ 1 \- 533 1\ £ 10/2- 1) e
( 25) U ) U 3)

7 @Bb) Poovlu dong

Some” studeuls gcoved marks for patt 1) and 1)

but mogt ;klpped part i )




—(iii) Hence find jsins 6do.

Sub vegult in pavt () inlo idenfity of part i)

t-1 = sin(nd)  port()

n
-1
n

[

5(%’-1_\“0/%1\

([2-1)°= (#5-1)-
YRRy 5) U3

i) p
(2ising)>= 2usinfe - 5(2ign3p) ¢ 0(2i4n$) S mark

3isin’d = 2i5in90 - 10i5in30 + 206ind

st = | (26050 _ (0igin3d «  20iin0)
30 )
= 1 (snse - 5sin30 + [05n0) | mark
16

S 4076 0 < 1 J 5iN50 — S5ind0 +(05in  AD

[b
= .LF_.— L% + 5 (0950’/050197L+C /mm/c
b = 5 3

=~ 1 (0550 4+ 5 (430 - 5 (059 +C

$0 %9 3




Question 16 (15 marks) Use a separate Writing Booklet

(a) It is given that the cubic equation x* +bx” +cx+d =0 has a purely imaginary root. If the 2
coefficients are all real numbers, show that d =bc and ¢>0.

Solution S\] =8 Some S‘I’U CL{]/»NL"’

If the coefficients are all real then there is one pair of conjugate root B %
The roots are ai,—ai, 3. O} “tgj m@ntl,év

o
Sum of roots: ai—ai+f=-b,". f=-b ;F ﬁ
Product of two roots at a time: ai(—ai)+ Bai+ f(-ai)=a’ =c

Product of three roots: ai(—ai)f=a’f=-d

By substitution: ) .
_.OUE’YOLMJ (P wen @ et

a’f=-d
cl-b)=—d T ]
=4) olLOwe QW
) -d d -
Le=—=—>0
-b b
sd=bc

(b) A particle moves with acceleration function ¥ = 3x2. Initially x =1 and v= 2,

(1) Show that v =2x°. 2
(ii)  Explain why the velocity can never be positive. 1
(iii)  Find the displacement-time function, and briefly describe the motion. 3
Solution
19(2) v = 22° (b) Initially, v is negative. Since W
v = 22% v can only be zero at the origin. But

: e 5.2 i §o & B ’ |
sinee ¥ = 32° the acceleration at the origin would - o : (_((7—
=t PO"‘ .l- k l) — (V\ ¥l

also he zero. Hence if the particte ever arrived ‘__
T {
at the origin, it would then be permanently at 5‘rud5.bmf/§' Oj:[.bv\.&.{)uc)

rest. Thus the velocity can never change from Cr>e LI— .

negative to positive, and must always be negative ( L & CJ
» Ll -] U‘ -,
2 ; | \ CQUJ S Cu_m\.L"& C'th
or zero. x = ————. The particle starts at
Sapida oo (&
x = 1 and moves backwards towards the origin, g

its speed having limit zero, and position having

limit the origin. L 1N p MO ,. 'S\'hLUL\J o s %U‘"(ad-
P pecaliie < %n ’€ g
velo uj:}’ . studinbs rud B
leavs ‘' hovo 15 desartbe
A mohnw — puoy aﬁr\rfr\m(Ji

222 .



(a) Since acceleration is given as a function of displacement, we write: S“’LLGLO/VL:
el
f %) = 32

2 <ol b hewe
\ 6
] ; -l— C for some constaut . M Cr o aé
v° = 22% + C, for some constant .

57/ =
When ¢ =1, v =-v2,50 2=2+C, / " —_ QdU\S(Abu
so C' =0, and v? = 228, ____,: 2 4__\1_ ‘b) d"S’OU’D _

(h) Taking square roots, ¥ :E}/zﬁ‘, assuming that » is never positive,
: ) dt ; ' s 7d)
Taking reciprocals, 203 W/\J? S+U CL{/\_\X/J %(/Y/

0 li

dr

L= \ﬁl.r 3 + I, for some constant 2.
Whent=0,z2=1,80 0=+2+D, fe Lo Qholw,, %ﬂ-&)ﬁ-d‘*u‘
el o e F_Wd“ cz/v\(‘l.btufﬂ’“ ,
1+v2 ~t
72 Fo o studeants Luwu
2

P — _-—-_-—__ -
TR as ta S\,L,B-d/éc‘_(

B|—
1l

Hence the particle begins at 2 = 1, and moves backwards towards the origin.
As { — o0, its speed has limit zero, and its limiting position is @ = 0.

(¢) Imitially, » is negative, S‘mre »? = 2¢?, it follows that » can only be zero at
the origin; but since # = 322 the "Lcce]omtlon at the origin would also be zero.

Hence if the particle ever arrived at the origin it would then be permanently
at rest, Thus the velocity can never change from negative to positive.

@ O Provethat Vx(1-vx)" =(1-vx)" ~(1-Vx)' 1

Solution
‘f,"“?..:_m_,‘,_(‘_{;::-&)m'-e (1-vx])" _ shudewts /
mmmmmmmmmmmm - o wLd do
3 (=30
L S _ e aon
gy~ (- T
L L i ik i
”‘;‘*(f;‘z“r:a =t Stuoler 1 -
= [ HE . . ' EU léa“ﬂ‘ as
- a \}9/\4.3 PQPLL&C{( S“BlQ
Gi) Let 7, =] (1-vx) dx,wheren=1,2,3, .. 3
show that [, = Foq

n+2

s
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2 = 2021 2020

4 2023XM12‘“9 5 Sove IS %Uo(«d,ﬂ,\,& “(a?{} 2

2%x2021%x2020x%...x4x3x2

2024.x 2023 %2022 x !
3&2)

41>< 2023 3 S OV~ ol ’
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