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General 
Instructions 

• Reading time – 10 minutes  
• Working time – 3 hours  
• Write using black pen 
• Calculators approved by NESA may be used 
• Reference sheets are provided with this paper 
• For questions in Section II, show relevant mathematical reasoning 

and/or calculations 

Total marks:  
100 

Section I – 10 marks (pages 2–5) 
• Attempt Questions 1–10 
• Allow about 15 minutes for this section 

Section II – 90 marks (pages 6–13) 
• Attempt Questions 11–16 
• Allow about 2 hours and 45 minutes for this section 
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Section I  

 

10 marks 

Attempt Questions 1–10  

Allow about 15 minutes for this section  
 

Use the multiple-choice answer sheet for Questions 1–10. 

 
1 Given the statement: 2 16 4x x=  =   

Which of the following statements is its contrapositive? 
 

A. 24 16x x=   =  

B. 2 16 4x x     

C. 24 16x x     

D. 24 16x x     

 
 
 

2 What is the size of the angle between the vectors 3 6 2i j k+ −  and 2 2i j k− + , correct to the nearest 
minute? 

 
A. 6736’ 

B. 791’ 

C. 10059’ 

D. 11224’ 

 
 
 

3 The displacement x of a particle in metres after t seconds is given by 22 4sinx t= + . 

How far will the particle travel in the first 2  seconds? 
 

A. 16 m 

B. 8 m 

C. 4 m 

D. 2 m 
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4 On the Argand diagram given, the points P1, P2, P3, …, P12 are evenly spaced around the circle of 
radius 3. Which of the following points represent the complex numbers such that z3 = –27i ? 

 

 
 

A. P4, P8, P12 

B. P1, P5, P9 

C. P3, P7, P11 

D. P2, P6, P10 

 
 

5 Consider the Argand Diagram shown below. 
 

  
 

Which of the following inequalities would define the shaded area? 
 
 

A. 2z i−   and ( ) 30 arg 1
4

z


 −   

B. 2z i−   and ( ) 30 arg 1
4

z


 +   

C. 2z i−   and ( ) 30 arg 1
4

z


 −   

D. 2z i+   and ( ) 30 arg 1
4

z


 +   

 
 

Im 
P4 

3 

P7 
-3 0 

-3 

3.1r 
4 

P3 

P2 

P1 
3 Re 
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6 Given the statement: “ n  , n = 4m + 3  n can be written as a sum of two square integers” 

Which of the following statements is its negation? 
 

A. n  , n   4m + 3 and n can be written as a sum of two square integers 

B. n  , n = 4m + 3 and n cannot be written as a sum of two square integers 

C. n  , n = 4m + 3 and n cannot be written as a sum of two square integers 

D. n  , n   4m + 3 and n can be written as a sum of two square integers 

 

7 Evaluate 6 3

0
sec tan  x x dx



 . 

 

A. 8 3 1
3
−  

B. 8 3
27

 

C. 8 3 9
27
−  

D. 8 3 3
27
−  

 
 
 

8 Which of the following represents the vector projection of OA  onto OB given ( )3, 2,  4A − and 

( )1,  1, 1B − ? 
 

A. 
1
1
1

 
 
 
 − 

 

B. 
1
1

1

− 
 −
 
  

 

C. 
3

3 2
29

4

 
 −
 
  

 

D. 
3

3 2
29

4

− 
 
 
 − 
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9 Which expression is equal to 
2

1  
12 4

dx
x x− −

 ? 

 

A. 1 2sin
8

x
c− + + 

 
 

B. ( )11 sin 2
4

x c− + +  

C. 11 2sin
2 2

x
c− + + 

 
 

D. 1 2sin
4

x
c− + + 

 
 

 
 
 

10 A particle of mass m is moving in a straight line under the action of an applied force ( )3 4 6m
F x

x
= + . 

What is the equation for its velocity at any position if the particle starts from rest at x = 1? 
 
 

A. 21 8 6 2v x x
x

=  − −  

B. 22 4 3 1v x x
x

=  − −  

C. 2

4 12 16v
x x

−
= − +  

D. 2

4 12
v

x x

−
= −  
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-.J 
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Section II  
 
90 marks 
Attempt Questions 11–16  
Allow about 2 hours and 45 minutes for this section  
 

Answer each question in the appropriate writing booklet. Extra writing booklets are available.  

For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations. 

 

Question 11 (15 marks) Use a separate Writing Booklet 
 
 
(a) If 2 2z i= + , express each of the following in modulus–argument form:  

 
(i) z5 2 

 
 

(ii) 1
z

 1 

 
 
 

(b) Show that sec  log tan
2 4e
x

x dx C
 = + + 

  . 4 

 
 
(c) Verify that 1 3z i= − +  is a root of the equation z4 – 4z2 – 16z – 16 = 0 and hence find the other 

roots. 
4 

 
 
(d) (i) Prove that a particle moving according to the equation 29 12 32v x x= − + +  is 

undergoing simple harmonic motion. 
 

2 

 
(ii) State the period of motion. 1 

 
 

(iii) Find the range of the motion. 1 
 
  

I - -I 

11 
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Question 12 (15 marks) Use a separate Writing Booklet  
 
 
(a) Let  be the line in the complex plane that passes through the origin and makes an angle   

with the positive real axis, where 0
2


  . 

 

 

  
 

The point P represents the complex number 1z , where ( )10 arg z   . The point P is reflected 

in the line to produce the point Q, which represents the complex number 2z . Hence, 1 2z z= . 
 

(i) Explain why ( ) ( )1 2arg arg 2z z + = . 1 
 

(ii) Deduce that ( )2
1 2 1 cos 2 sin 2z z z i = + . 2 

 

(iii) Let 
4


 =  and let R be the point that represents the complex number 1 2z z . 

Describe the locus of R as 1z  varies. 

1 

 
 

(b) Evaluate 2

4 ln  
e

x
dx

x  . 3 

 
 
(c) (i) Suppose that a, b, c are real numbers. 

Prove that 4 4 4 2 2 2 2 2 2a b c a b a c b c+ +  + + . 
 

2 

 
 

(ii) Show that 2 2 2 2 2 2 2 2 2a b a c b c a bc b ac c ab+ +  + + . 2 
 
 

(iii) Deduce that if a b c d+ + = , then 4 4 4a b c abcd+ +  . 1 
 
 

(d) Find the possible values of   if the angle between 
6
2

3
p

 
 = −
 
  

 and 
2
4q



− 
 = −
 
  

 is 1 4cos
21

− . 3 

 

e 

e 

p 

I I I I 

I I 
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Question 13 (15 marks) Use a separate Writing Booklet  
 
 
(a) Use De Moivre’s theorem to prove that 

                          4 2cos4 8cos 8cos 1  = − +  

3 

 
 
 
(b) (i) If 3 2

12 1
28 2 4

x A

xx x x

−
= −

++ − +
, find the value of A. 

 

1 

 

(ii) Hence show that   1
3 2

12 2 1 ln 3tan
38 2 4

x x
dx C

x x x

−+ −
= + +

+ − + . 3 

 

(c) Show that the lines  1 1

1 2
0 1
1 1

r 

   
   = + −
   
   −   

 and  2 2

1 4
1 3
0 3

r 

−   
   = +
   
   −   

 are skew. 3 

 
 
 
(d) Find the point(s) of intersection of the line with parametric equation 

               ( )3 4 2 2r i j k i j k= + − + + +  

and the sphere with Cartesian equation 

               ( ) ( ) ( )2 2 21 3 4 81x y z− + − + + = . 

3 

 
 
 
(e) Find the two square roots of 21 20i− . 2 

 
 
 
  

T 
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Question 14 (15 marks) Use a separate Writing Booklet  
 
 
(a) Two masses, 2m kg and 3m kg, are connected by a light inextensible string passing over a 

frictionless pulley as shown. 
 

            
Initially, the two masses are at rest. After the lighter mass has travelled x metres in an upwards 
direction, it is travelling at v m s–1. 
 

Prove that 2
5
gx

v = . 

3 

 
 
 
(b) A particle is moving in a straight line according to the equation 

 
       6cos2 8sin 2 5x t t= + +  
 
where x is the displacement in metres and t is the time in seconds. 

 

 
(i) Prove that the particle is moving in simple harmonic motion by showing that x satisfies 

an equation of the form ( )2x n x c= − − . 
2 

 
(ii) When is the displacement of the particle zero for the first time? 3 

 
 
 
(c) A perfect number is a positive integer that is equal to the sum of its positive factors, excluding 

the number itself. Examples of perfect numbers are 6, 28 and 496.  
 
A conjecture (an opinion or conclusion formed on the basis of incomplete information) has been 
proposed that if p is a perfect number then any multiple of p is also a perfect number. 

 

 

(i) Use a counterexample to disprove this conjecture. 1 
 

(ii) Prove that if p is a perfect number then no multiple of p is a perfect number. 2 
 
 
 
 

Question 14 continues on page 10 
  

3m 

F 
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(d) Use the principle of mathematical induction to prove that  
 

               ( ) 1 cos 2sin sin 3 sin 5 ... sin 2 1
2sin

n
n


   



−
+ + + + − =  

for all n + . 

4 
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Question 15 (15 marks) Use a separate Writing Booklet  
 
 
(a) The Tech Club in Penrith Selective High School is testing a new hybrid drone built from scratch 

in Room T.1.1. The drone travels in a straight line and is controlled by Anthony, using a remote 
ground control system.  
 
The drone’s position at any given time is expressed using coordinates (x, y, z) in kilometres, 
where x and y are the drone’s displacement east and north of the hockey field, respectively, and 
z is the height of the drone above the ground. 
 

The drone’s velocity is given by the vector 
80

240
15

− 
 −
 
 − 

 km h–1. Ignore air resistance. 

At 10:00 a.m. Anthony detects the drone at a position 32 km east and 96 km north of the hockey 
field, and at a height of 8 km. 
 
Let t be the length of time, in hours from 10:00 a.m. 

 

 
 

(i) Write down a vector equation for the drone’s displacement, r , in terms of t. 1 
   
 

(ii) Given that the drone continues to fly at the same velocity, when will it will pass 
directly over the hockey field and what is its height at that time? 

2 

   
 

(iii) The drone continues to fly at the same velocity and descends to a height of 5 km.  
At what time does this happen? 

2 

   
 

(iv) Calculate the direct distance, correct to one decimal place,  of the drone from the 
hockey field at this point upon descending to a height of 5 km. 

2 

 
   

(v) After descending to a height of 5 km, the drone continues to fly on the same bearing 
but adjusts the angle of descent so that it will land at the point Q(0, 0, 0). 
 
The drone’s velocity, after the adjustment of the angle of descent, is given by the vector 

80
240
q

− 
 −
 
  

 km h–1. Solve for q. 

2 

 
 
 
 
 
 
   

Question 15 continues on page 12 
 

-
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Question 15 (continued) 
 
 
(b) Let iz e = .  

 

(i) Show that ( )1 2 sinn
nz i n

z
=− . 2 

 

(ii) Show that 
5

5 3
5 3

1 1 1 15 10z z z z
z zz z

       − = − + −       
       

− − . 1 

 
(iii) Hence find 5sin  d  . 3 

 
 
 
 
 

 
 
 

End of Question 15  
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Question 16 (15 marks) Use a separate Writing Booklet  
 

 

(a) It is given that the cubic equation 3 2 0x bx cx d+ + + =  has a purely imaginary root. If the 
coefficients are all real numbers, show that d bc=  and 0c  . 

3 

 
 
 
(b) A particle moves with acceleration function 23x x= . Initially 1x =  and 2v = − .  

 
(i) Show that 2 32v x= . 2 

 
(ii) Explain why the velocity can never be positive. 1 

 
(iii) Find the displacement-time function, and briefly describe the motion. 3 

 
 
 
 

(c) (i) Prove that ( ) ( ) ( )1 1
1 1 1

n n n
x x x x

− −
− = − − −  

 

1 

 
 

(ii) Let ( )1

0
1

n

nI x dx= − , where n = 1, 2, 3, … 

show that 12n n

n
I I

n −=
+

 

3 

  
 

(iii) Hence evaluate 2022I . 2 
 
 
 
 
 
 
 

End of paper 
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